0. Introduction Let R 1 (x); : : :; R d (x) be rational functions in Q (x); such that 1; R 1 (x); : : :; R d (x) are linearly independent over Q : For almost all primes p their mod p reductions are wellde ned rational functions over F p ; and are linearly independent over F p : We show that asymptotically the points R 1 (a) p ; : : :; R d (a) p : a 2 F p ; a not a pole of any R j are uniformly distributed in 0; 1) d :
For consistency we shall take f0; : : : ; p ? 1g as our standard class of representatives of residues mod p.
Our main tools are:
(i) Weil's estimates for exponential sums of the type P fe 2 iR(x)=p : x 2 F p ; x not a pole of Rg;
(ii) an improved version of the Lipschitz Principle for counting the number of lattice points that lie in a set with thin boundary; and (iii) an application of the Lipschitz Principle to enable the construction of a smooth chamfering function for sets with Lipschitz boundary.
The Main Theorem comes in three versions: A for smooth functions (x3); B for sets with Lipschitz boundary (x5); C for boxes (products of intervals) (x6).
The rate of convergence to uniform distribution is of order (ln p) d p 1 2 for smooth functions;
and for boxes too. The second author expresses his thanks to Professor R. Livn e for his advice, mathematical and bibliographical, and to Professor P. Erd os for bringing 4] to his attention.
1. Reduction (mod p) of rational functions However for p 1 Now, more generally, consider a nonzero rational function R = R(x) = f(x)=g(x) 2 Z(x) (assumed to be in reduced form). For p prime (and su ciently large) let R be its reduction mod p, as in x1.
Definition.
Let N(R; p) = fa 2 F p : R(a) 6 = 1g; the subset of F p on which R is de ned, and let n(R; p) = # N(R; p):
The We de ne the density functional L p for f a complex periodic function in
Proposition. The density functional has the following properties:
where k is as above and ! 1 is a function such that
Proof. All these are manifest except possibly the estimate jL p (e t )j
this follows from (2.3) and the fact that n(R; p) p ? k:
The function ! 1 is the rst of several functions that appear and have limit 1. In the sequel we shall simplify the statement of our results by using the fact that in the limit
We 
Smooth Functions
In this section we show that for smooth functions the density functional is asymptotic to the integral. 
Sets with Thin Boundary
In this section we consider a general (K; ) set B as in x4, where d?1 d < 1: We prove that the functionals L p tend to equidistribution for such sets; but we obtain a slower rate of convergence than for smooth functions or for boxes. We deal here only with the case d 2:
Given such a set B we approximate its characteristic function I B from above by a smooth chamfer function = B; ; as described in x4.
The Fundamental Estimate of x3 now gives
which, on taking N p ; and using the fact that k k D (8 The reverse inequality is immediate by complementation. From this we obtain an extension of Theorem C to boxes rotated rationally: the error term diminishes at the same rate as for a box in usual position but the coe cient depends on the rotation.
We then can bootstrap our result to complements, nite unions and nite intersections of such gures. The coe cients are not uniformly bounded (over di erent rotations).
Triangles
When d = 2 we can derive an estimate for triangles with sides of rational slope, as described immediately above. It is interesting to note that a result of this sort can be obtained directly. If seems that even for so simple a shape as a triangle we must be content with the slower rate of convergence derived in x5.
Examples
To illustrate our main theorems we apply them to the simple case d = 2; R 1 (x) = x; R 2 (x) = 1=x: Hyperbolas Take B t to be the set f(x 1 ; x 2 ) : 0 < x 1 ; x 2 < 1; x 1 x 2 < tg: Here t (0 < t In principle, the methods used in this paper can also be applied to rational functions in several variables, with some complication of detail. The sharpness of the error terms is governed by the quality of the possible upper bounds for the sums S analogous to S in x2. If the rational functions are in \general position" then the estimates of 2] for S are almost best possible. Otherwise one must resort to weaker estimates such as those of 10] with a corresponding weakening of the error terms in the analogues of our main theorem.
